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Abstract. A continuous quadratic form ("quadratic form", in short) on a Ba- 
nach space X is: (a) delta-semidefinite (i.e., representable as a difference of 
two nonnegative quadratic forms) if and only if the corresponding symmetric 
linear operator T: X — > X* factors through a Hilbert space; (b) delta-convex 
(i.e., representable as a difference of two continuous convex functions) if and 
only if T is a UMD-operator. It follows, for instance, that each quadratic form 
on an infinite-dimensional Lp(/x) space (1 < p < cjo) is: (a) delta-semidefinite 
iff p > 2; (b) delta-convex iff p > 1. Some other related results concerning 
delta-convexity are proved and some open problems are stated. 
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Introduction 

Let X be a real Banach space. Recall that a function q : X — > R is a continuous 
quadratic form (more precise would be "continuous purely quadratic form") if 
there exists a continuous bilinear form h: X y. X such that q{x) = b{x, x) for 
each X G X. 

In the present paper, we are interested mainly in the following two isomorphic 
properties of X. 

(D) Each continuous quadratic form on X is delta-semidefinite, i.e., it can be 
represented as a difference of two nonnegative continuous quadratic forms. 
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(dc) Each continuous quadratic form on X is delta-convex, i.e., it can be repre- 
sented as a difference of two continuous convex functions. 

Since nonnegative quadratic forms are convex, (D) always implies (dc). The reverse 
implication is not true, as we shall see in Section [31 

In Section[l] we characterize delta-semidefinite continuous quadratic forms on 
X as precisely those whose corresponding symmetric linear operator T: X —i- X* 
is factorizable through a Hilbert space. This leads, via known results on factoriz- 
ability, to sufRcient conditions for a Banach space X to satisfy (D). The charac- 
terization also implies that the property (D) passes to quotients, and the spaces 
^pj 1 ^ P < 2, do not satisfy (D). 

In Section [21 we use X-valued Walsh-Paley martingales to prove that a con- 
tinuous quadratic form on X is delta-convex if and only if the corresponding 
symmetric linear operator is a UMD-operator. It follows that £i not only fails (D) 
but it also fails (dc). 

In Section [21 we discuss relationships between the properties (D), (dc) and 
the following property. 

(Cdc) Each C^'^ function on X is delta-convex. 

It is easy to see that also (Cdc) implies (dc). We show that (dc) and (Cdc) pass 
to quotients. For each of the properties (D), (dc), (Cdc), we characterize those 
p's in [l,oo] for which an infinite-dimensional Lp{ii) space satisfies the property 
(Theorem 13. 3|) . It follows that (dc) implies neither (D) nor (Cdc). (The latter 
should be compared with a result from [10] which says that all Banach space- 
valued quadratic mappings on X are delta-convex if and only if all Banach space- 
valued C^'^ mappings on X are delta-convex.) We also solve a problem from [5D] 
by proving existence of a function / whose compositions with all "delta-convex 
curves" (in the sense of [lU]) are delta-convex while / is not locally delta-convex. 
Some of these counterexamples use a result by M. Zeleny f231. Finally, we show 
that the property (dc) is not stable with respect to direct sums, and we state some 
open problems. 



1. Delta-semidefinite quadratic forms 

In what follows, the term "operator" means "bounded linear operator" . Recall that 
an operator T: X ^ X* is called symmetric if {Tx,y) = {Ty,x) for all x,y € X 
(equivalently: T* ^ T on X). 

It is easy to see that the formula 

qix)^{Tx,x) (1) 

defines a one-to-one correspondence between the continuous quadratic forms q on 
X and the symmetric operators T : X ^ X* . 

(Indeed, if q is generated by a continuous bilinear form b, it is generated also by 
the symmetric bilinear form ^ Moreover, there is a unique symmetric 
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bilinear form b that generates q; this follows from the formula 

2b{x, y) = h{x + y,x + y)- b{x, x) - b{y, y) (2) 

valid for symmetric b. The rest follows from the well-known one-to-one correspon- 
dence, via the formula b{x,y) = (Tx.y), between the continuous bilinear forms b 
on X X X and the operators T: X ^ X*.) 
If H]) holds for each x X , we say that T generates q. 
The formula also implies the following 

Fact 1.1. Each continuous quadratic form q on X is everywhere Frechet differen- 
tiable. Moreover, its Frechet derivative at x is given by q'{x) = 2Tx where T is 
the symmetric operator that generates q. 

The following theorem characterizes delta-semidefinite continuous quadratic 
forms. (Recall that a continuous quadratic form is called delta-semidefinite if it 
is the difference of two nonnegative continuous quadratic forms.) An operator 
T: X — !■ y is said to be factorizable through Z if there exist operators A: X ^ Z 
and B : Z ^ y such that T = BA. 

Theorem 1.2. Let q be a continuous quadratic form on a Banach space X , and 
T: X X* be the symmetric operator that generates q. Then the following asser- 
tions are equivalent: 

(i) q is delta-semidefinite; 

(ii) there exists a continuous quadratic form p on X , such that \q\ < p; 

(iii) T is factorizable through a Hilbert space. 

Proof. 

{iii) ^ (i). If T = BA where A: X ^ H and B: H ^ X* aie operators, and H 
is a Hilbert space, then we have 

q{x) = {BAx.x) = {Ax,B*x)h = \\\Ax + B*xfH ~ 
which shows that q is difference of two nonnegative quadratic forms. 
ii) (ii). If q — pi — P2 where pi (i = 1, 2) are nonnegative continuous quadratic 
forms, then \q\ < pi + P2 p. 

(ii) (iii). Let (ii) hold, and let S : X X* be the symmetric operator such 
that p{x) = {Sx,x). The function 

[•, •] : X/KeT{S) x X/Ker(5) R, [^, 77] := {Sx, y) where a; e ^, y e r?, 

is well-defined, bilinear, symmetric, and [^,^] > for each ^ e X/Ker(S'). More- 
over, if p{x) — for some a; G X, then a; is a minimizer for p, and hence 
= p'{x) — 2Sx by Fact 11.11 In other words, [^,^] = implies ^ = 0. Conse- 
quently, [•, •] is an inner product on X /¥^ei{S) . Let H be the completion of the 
inner product space (X/Ker(5'), [•, •]). 

Consider the operator J = iQ: X ^ H where Q: X ^ X/Ker(5') is the 
quotient map and i: X/Ker(S') ^ _ff is the inclusion map. (J is continuous since 
WQxWIj = {Sx,x) < \\S\\ ■ \\x\\^ for aU x e X.) 
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If X S Ker(S'), then p{x) — q{x) — 0. Since p + q is a nonnegative quadratic 
form generated by the symmetric operator T + 5, the same argument as above 
shows that Tx + Sx = 0. This proves that Ker(5) C Ker(r). Consequently, the 
operator 

To : X/Ker(5) ^ X* , TqC := Tx where x G 
is well-defined. We claim that Tq is continuous also in the norm generated by the 
inner product [•,•]. To prove this, consider ^ e X/Ker{S) and y ^ X such that 
W^Wh < 1 and \\y\\ < 1. Fix x e and denote ?? = Qy. Then \\r/\\% = {Sy,y) < \\S\\, 
and \ {To^,y)\ < \{Tx,y) \ = ^\q{x + y) - q{x) - q{y)\ < ^[p{x + y) +p{x) +p{y)] = 

h [lie + ^111^ + ml + Ml] < M(i + W^f + 1 + ll^ll] • , 

Thus To has a unique extension to an operator from H into X*] let us denote 
it by To again. Then T — TqJ is the desired factorization through H. □ 

Corollary 1.3. (a) A Banach space X has the property (D) (see Introduction) if 
and only if each symmetric operator T: X X* is factorizable through a 
Hubert space. 

(b) The property (D) passes to quotients, and hence also to complemented sub- 
spaces. 

Proof, (a) follows immediately from Theorem 11.21 Let us show (b). Let X satisfy 
(D), and let L be a closed subspace of X. Let T: X/L (X/L)* = be a 
symmetric operator. Consider the operator S = iTQ : X — > X* where Q: X 
X/L is the quotient map, and i: — > X* is the inclusion isometry. Since Q* — i, 
we have {Sx, y) — {T{Qx), (Qy)) {x, y G X), which shows that S is symmetric. By 
(a), S is factorizable through a Hilbert space. Now, Proposition 7.3 in [9] implies 
that T factors through a Hilbert space, too. □ 

Operators that are factorizable through a Hilbert space were intensively stud- 
ied (the main reference is [H], see also [5]), and there exist many sufficient condi- 
tions for factorizability of all operators between two given spaces. Thus, by The- 
orem ll.2[ we obtain various sufficient conditions for validity of the property (D) 
(defined in Introduction); we collect them in the following theorem. 

For the classical notion of modulus of smoothness, see e.g. ,13j. For the notion 
of type and cotype, see e.g. [I3] or [9]. We shall need the following notion of second 
order differentiability, studied in [5]. 

Definition 1.4. (a) Let / be a continuous convex function on a Banach space X. 
We say that / is second order dijjerentiable at a point xq G X if there exist 
Xq € X* and a continuous quadratic form g on ^^T such that, for each v G X, 

f{xQ + tv) = /(xo) -f xl{v)t + q{v)t^ + o{t^) as t ^ 0. 

(b) A second order dijjerentiable norm is a norm which is second order differen- 
tiable at each nonzero point. 

Remark 1.5. It follows from results in [2] that a norm || • || on X is second order 
diffcrcntiable iff it is Frechet (equivalcntly: Gateaux) smooth and its derivative 
II • II': X \ {0} X* is weak*-Gateaux differentiable. 
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Theorem 1.6. Let X be a Banach space. Each continuous quadratic form on X is 
delta-semidefinite (and hence delta- convex), provided at least one of the following 
conditions is satisfied. 

(a) X has type 2. 

(b) X* has cotype 2, and X has the approximation property. 

(c) X* has cotype 2, and X does not contain £i{n) 's uniformly. 

(d) X* has cotype 2, and X is a Banach lattice. 

(e) X — C'{K) for some compact space K . 

(f) X — Lp{fi) for 2 < p < oo and some positive measure fi. 

(g) X = cq{I) for some set I. 

(h) X admits a uniformly smooth renorming with modulus of smoothness of power 
type 2 (i.e., Qx{t) < ar^ for some a> Q). 

(i) X has the Radon-Nikodym property and admits an equivalent second order 
difjerentiable norm. 

Proof, (a) follows from Corollary 3.6 and Proposition 3.2 in |16j . 

(b) : see Theorem 4.1 in [16. . 

(c) follows from (a) by [151 Corollary 2.5]. 

(d) follows from Theorems 8.17 and 8.11 in [TO] . 

(e) follows e.g. from (d) since C{K)* has cotype 2 (see [16l p. 34]). 

(f) : the case p < oo follows from (a) (see |13] p. 73]); the case p — oo follows from 
(e) (see [H Theorem l.b.6]). 

(g) follows from (e) by Corollary ll.3f b). since co(r) is a closed hyperplane in 
c(r) = C{K) where K is the one-point compactification of the discrete set F. 

(h) follows from (a) (see Theorem I.e. 16 in [13]). 

(i) follows from (h) by the following reasoning. If the norm of X is second order 
differentiable, then this norm is Lipschitz-smooth at each point of Sx by this 
implies (by [HI Lemma 2.4]) that the gradient of the norm is pointwise Lipschitz 
at each point of Sx - By fTl, Corollary III. 2], if X has also the RNP, then it satisfies 
(h). □ 

Results in [19l Sections] imply that, for each 1 < p < 2, there exists an 
operator U : £p ^ ip» (where - -I- ^ = 1) such that U is not factorizable through a 
Hilbert space. Since U, constructed in [19] . is also symmetric, we obtain one more 
corollary to Theorem 11.21 

Corollary 1.7. The space £p fails the property (D) whenever 1 < p < 2. 

(The case oi p = 1 follows from Corollary ll.3f b) and from the well-known fact 

that each separable Banach space is isometric to a quotient oi £i.) 

2. Delta-convex quadratic forms 

Let X be a Banach space. Recall that a continuous function (yS : X ^ R is delta- 
convex if it is the difference of two continuous convex functions on X. It is easy 
to see that ip is delta-convex if and only if there exists a (necessarily convex) 
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continuous function on X such that both ±(p+tp are convex. Every such function 
ip is called a control function for ip. Denoting 

^'^V>{x, y) ■■= ip{x + y) + fix -y)- 2ip{x) , x,y gX, 

it is easy to sec; that (/' is a control function for ip if and only if \A'^(f{x,y)\ < 
A'^ip{x, y) for ah x,y e X. 

Since every nonnegative quadratic form is convex, each delta-semidefinite 
quadratic form is delta-convex. As we shall see in Section 3, the converse is not 
true in general. 

In this section, we use X-valued Walsh-Paley martingales to study delta- 
convexity of quadratic forms. We recall all needed definitions and properties to 
make our exposition self-contained. 

Let n > 1 be an integer, F = {—1,1}, /: F" X. Then the expectation of 
/ is defined as E/ = 2"" J2r,er^ fin) = Ir^fdF, where P = P„ is the uniformly 
distributed probability measure on F". 

For < fc < n, consider the u-algebra Ek = {Ax F""*" : A C F*"}. Obviously, 
a function / : F" — > X is E^-measurable if and only if / depends only on the first 
k coordinates (in particular, all So-measurable functions are constant). For this 
reason, we sometimes view Sfe-measurable functions on F" as functions on F*^. 

For /: F" ^ X and < < n, the conditional expectation of F w.r.t. Sfe is 
the Sfc-measurable function E(/|Sfe) : F" ^ X which has the same integral (w.r.t. 
P) as / over each element of Sfe. It is easy to see that it is given by 

E(/|Efc)(co) - /j,„_, f{io, •) dP„^fe , ujerK 

Note that E(/|Eo) = E/, E(/|E„) = /, and E(E(/|Sfc)) = E/. 

In this paper, we consider only Walsh-Paley martingales of finite length. 

Definition 2.1. Let X be a Banach space. An X -valued Walsh-Paley martingale 
is any finite sequence {fo, ■ ■ ■ ■> fn) of X-valued functions on F" such that fk = 
E(/„|Sfe) for each < fc < n ; or equivalently, each fk is S^-measurable, and 

fk{u>) = i/fe+i(w, -1) + i/fe+i(w, 1) whenever < fc < n and uJ E T''. 

Given a Walsh-Paley martingale (/o, . . . , /«), the corresponding martingale differ- 
ences are the functions dfk = fk — fk-i (1 < fc < «)• 

Remark 2.2. Let {fo, . . . , /„) be an X-valued Walsh-Paley martingale. The above 
definition easily implies the following properties. 

(a) E(d/fc|Ej) = whenever < j < k < n. 

(b) {fo, ■ ■ ■ , fn, fn, ■ ■ ■ , fn) is a Walsh-Paley martingale no matter how many 
times /„ is repeated. 

(c) (T/o, • • • ,Tfn) is a F- valued Walsh-Paley martingale whenever T: X ^ Y 
is linear. 

(d) If < m < n and w e F™, then the finite sequence (^O) • • • ,9n-m), where 
9k '■= fm+k{'^, ■) '■ F"~™ — > X, is a Walsh-Paley martingale. 
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(e) dfk{uj) = iwfc[/fc(wi, . . . ,ujk~i, 1) - /fc(wi, • ■ . ,a;fc_i,-l)] whenever 1 < A: < 
n and a; S F*^. 

(f) /fc_i(cj) ± dfk{oj) ~ /fc(wi, ■ • ■ , ti^fc-i, iwfc) whenever 1 < fc < n and uj gT''. 

A finite sequence (ei, . . . , e„) of functions on F" is said to be predictable if 
is Efe-i-measurable for each 1 < k < n. 

Lemma 2.3. Let (/o, . . . , /„) be an X-valued Walsh-Paley martingale. 

(a) Ifip-.X^Ris a function, thenEJ2k=i ^'^v{fk-i,dfk) = 2Eip{fn)-2ip{fo). 

(b) If 1 < k < n and w: F" — > R is Yik-i-measurable, then E{wdfk) — 0. 

(c) // (go, • • • , 9n) "is an X* -valued Walsh-Paley martingale and (ei, . . . , e„) is a 
predictable sequence of real-valued functions, then¥.{dfk, Sjdgj) = whenever 
k j and fc, j g {1, . . . , n}. 

(d) (E max \\fk\\n^/P < ^(E|l/„r)i/P for each real p > 1. 

0</c<n ^ 

Proof, (a) Recall that /o is constant. By Remark l2.2r f). the left-hand side equals 

= 2ELi(lE¥'(/fe) - E^(/fc-i)) = 2E¥>(/„) - 2E(p(/o). 

(b) follows easily from Remark l2.2f a). 

(c) Let, e.g., k < j. Obviously, {dfk,Sjdgj) is Sj -measurable. For each fixed uj E 
r^^^, we have 

E((dA.,e,d5,)|S,_i)(c^) = E{dfk{io),ejiLo)dg,{Lu,-)) = {dfk{io), ej{Lo)Edgj{Lu, ■)) = 

by Remark O^d), (a). Thus E{dfk,ejdgj) = E(E((d/fc, e^dg^) iSfe)) 0. The case 
A; > j is similar. 

(d) It is easy to verify that h{ri) := h{r})v{rj) works, where ft,: F" [0, oo) satisfies 

= 1 and (E||.g||2)i/2 = . ||g||)^ and w(r/) G Sx is such that ||.g(ry)|| < 
2{v{ri),g{r])). 

(e) For real-valued martingales, this is the well-known Doob's Lp-inequality (see 
e.g. [22l Theorem 14.11]). In the general case, consider the Walsh-Paley martingale 
(50, • • • ,5n) given by gk = E(||/„|| Then ||/fc|| = ||E(/„|Efc)|| < gk and ||/„|| = 
(7„. Hence, using the scalar case, we get (E max H/fcP)"'^^'" < (E max g^Y^''' < 

Lemma 2.4. Let tp be a continuous real function on a Banach space X . In order that 
if is delta-convex it is necessary and sufficient that there is a continuous function 
g: X —f [0, oo) such that if (fo, . . . , fn) is an X-valued Walsh-Paley martingale 
then 

n 

E^|AV(/fe-i,rf/fc)| <IEf?(/„). (3) 

k=l 

Moreover, in this case, g can always be taken convex. 
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Proof. Let ip be delta-convex with a control function ip. By adding a suitable afSne 
function, we can (and do) suppose that >0. Now Lemma l2.3f a) implies 

n n 

E E |AV(/fc,#fe)| < E E ^^i'{fk,dfk) 

k=l fc=l 

= 2EV'(/„) - 2^(/o) 
< 2E7/;(/„). 

Thus ([3]) holds with = 2-0 (which is convex) . 
Conversely, if ^ holds, we may define 

V'(x) = i inf fE£<(/„) E |AV(/fe-i,rfA)|} (4) 

fc=i 

where the infimum is taken over all X-valued Walsh-Paley martingales with /o = x. 

Suppose x,uGX,y — x + u,z — X — u and e > 0. Using Remark I2.2r b) 
and the definition of ip, pick X-valued Walsh-Paley martingales (/o, ...,/„) and 
(50, • ■ ■ , 5n) such that /q = y, gg ^ z and 



iPiy) > ^EgiU) - iE E |AV(/fe-i,rf/fe 

k=l 
n 

V^(z) > i Eg{g^) - i E E |A2(^(gfe_i, - e. 



fc=i 



Form a new Walsh-Paley martingale (/iqi • ■ • i ^n+i) by setting ho = x and, for 
1 < A: < 71+ 1, 



/lfc(7?l, • • • ,7?n+l) = 



/fe-l(??2, • ■ ■ ,?yn+l) if ??1 = 1 

gfe_i(r72,...,?7„+i) if 771 = -1. 



Note that, for example, 

EgiK+i)^ J ^^(/l„+l)o^P„+l+ / e(/i„+i)rfP„+i = iE^?(/„) + iEg((7„)■ 
{'7l=l} {')1=-1} 

Thus 

n-l-1 

2iP{x) < Eg{K+i)~EY: \A^ip{hk-i,dhk)\ 

k=l 

= iEe(/„) + iE£)(.9„) 

71 n 

- \^\{x,u)\ - iE E |AV(//c-i,dA-)| - ^lE E |AV(5fc-i,rf5fc)l 

fc=l k=l 

< ip{x) +'ijj{y) + 2e - |AV(a;,'a)|. 

Since e > was arbitrary, it follows that \ A'^ip{x,u)\ < A'^'tp{x,u) whenever x,u G 
X. Thus Ip is SL midconvex (or Jensen convex) function which is locally bounded 
since < ip < g/2. Consequently (see [THl p. 215]), V is a continuous convex 
function. Thus ip is a control function for ip. □ 
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Observation 2.5. For each g: F" [0, oo) and p > 0, we have 

°° OP 

OQ OO 

Indeed, / 5^ dP > / dP > E 2(J-i)p [V{g > 2^-^) - ¥{g > 2^)] 

J = l {23-l<g<2J} J = l 

oo oo oc 

2JPP(g > 2J) - ^ 2(J-i)pp(g > 2J) > (1 - 2-P) J] 2JPP(g > 2^). 

J=0 j=l j = l 



Let p > 0. Recall that a function ip: X ^ M is called positively p-homogeneous 
if (p{tx) = tP(p{x) whenever t > 0, x E X . 

Lemma 2.6. Suppose p > 1. A continuous positively p-homogeneous function ip : X — 
R is delta-convex if and only if there is a constant C such that for all X-valued 
Walsh-Paley martingales (/o, • • . , fn) we have 

n 

|AV(/fc-i,d/fc)| < CE||/„r. (5) 

fc=i 

Proof. Assume ip is delta-convex. Let g be the corresponding continuous function 
from Lemma [2.41 Choose r > so that Cq := s\xp{g{x) : ||a;|| < r} < oo. Then 

n 

E J2 |AV(A-i,d/fc)| < Mfn) < Co whenever ||/„||oo < r, 

k=l 

where ||g||oo = max^gp" |5('7)| as usual. Hence, for an arbitrary Walsh-Paley mar- 
tingale (/o, . . . , /„), p- homogeneity implies that 

n 

EE |AV(/fc-i,d/fc)l<C^ill/n||go (6) 
fc=l 

where Ci — Co/rP. 

Now, fix any X-valued Walsh-Paley martingale (/o, . . . , /„) with E||/„||p = 1. 
(By p- homogeneity, it sufhces to prove ([5|) for such martingales.) Let 77 e F". We 
define too('7) — and, for any integer r > 1, 

Mriv) = {0 < fc < n : max{||/fe(r,) ± dfk+i{r])\\} > 2''} 

and 

'minMr(??) if Mr{r]) ^ 0, 
n ifM^(?7)=0. 

For each m S {0, ...,rt}, the set {m^ = m} belongs to !],„ by Remark I2.2f f). 
(Thus the functions nir are so-called "stopping times".) Hence it can be written 
in the form 



mr{rj) 



{rrir = to} = Ar^m X F" where Ar^m C F" 
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We have 

E |AV(/fc-i,#fc 



rrir-i <k<.mr 

n-1 



E / E |AV(A-i(^),rfA(^))|dFn(^) 



n-1 



The expression in parentheses can be seen as 

E E |AV(fffc-i(c^,-),rf5fc(c^,-))l, (7) 

m<k<n 

where 

fk{^,0 if m < k < mr{uj,£_), 

JniA'^.oi^^O ifmr{uj,() < k <n. 
Since {gk{i^, •))fc=m ^ Walsh-Paley martingale by Remark l2.2f d). and the defini- 
tion of imphes (f?)!! = \\fm,^{v)-i{v)+dfm^{Tj){v)\\ < 2'^, we can majorize 
the expression ^ (using ([6])) by 

Thus 

n OO 

E E |AV(/fc-i,d/fc)| = E IE E |AV(/fc-i,d/fc)| 

/c— 1 r— 1 mr_i<A;<mT^ 

OO 71—1 oc 

< Ci E 2'-^' E PmiAr-i,m) = Ci E 2'-PP(m,_i < n). 

r— 1 m— r=l 

Now, for r > 1, Remark 12.2^ 1) imphes that 

¥{mr-i < n) < P( max niax{||/fc ± > 2^-^) < 2P( max ||M| > 2^~^). 

l<k<n 0<k<n 

This gives (via Observation 12.51 and Lemma fZ^ d)) 

n OO 

E E |AV(/fc-i,d/fc)| < Ci2P + Ci2 E 2''?'P( max ||M| > 2'-i) 

k=l r=2 0<k<n 



Ci2P + Ci2P+i 2^PP{ max ||/fc|| > 2^) 



j = l 0<fe<ri 



< Ci2P + Ci^E max HMIf 

< /e < n 



< C2(l+E||/„r) =2C2, 

where C2 is a suitable constant depending only on p. Thus ([5]) holds. 

The converse follows trivially from Lemma l2.4l bv putting g{x) = C||a;||^. □ 
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Corollary 2.7. Suppose p > 1. Then every positively p-homogeneous delta-convex 
function ip: X ^ M. has a control function which is positively p-homogeneous. 

Proof. The case p = 1 was proved in 20, Lemma 1.21]. Assume p > 1. By 
Lemma [^751 Q holds with g{x) — C\\x\\p. By the proof of Lemma l2.41 the formula 
defines a positively p-homogeneous control function for ip. □ 

Remark 2.8. Let us remark that natural analogues of Lemma [2^ Lemma [2T6l and 
Corollarv 12.71 hold also for mappings $ : X — » F (instead of functions ip: X — > R), 
where "delta-convex function" is replaced by "delta-convex mapping" (as defined 
in |20j ) and, in the terms involving $, the absolute value is replaced by the norm 
of Y. This follows from 20, Proposition 1.13]. 

Definition 2.9. Let X and Y be Banach spaces. We say that a linear operator 
T: X — > y is a UMD-operator if there exists a constant C > such that 

nY:Li^kTdfur <cninr («) 

whenever (/o, . . . , /„) is an X-valued Walsh-Paley martingale and £i, . . . , £„ are 
numbers in { — 1, 1}. We say that X is a UMD-space if the identity I : X ^ X \s & 
UMD-operator. 

Remark 2.10. 

(a) It is easy to see that a composition of two bounded linear operators is a 
UMD-operator whenever at least one of them is. In particular, if at least one 
of X, F is a UMD-space, then each bounded linear operator T : X ^ F is a 
UMD-operator. 

(b) Suppose p > 1 is a real number. Then X is a UMD-space if and only if is a 
constant Cp > such that 

iEiiELi£fc#fcr <cp]E||/„r 

whenever Cfc = ±1 (1 < A: < n) and (/o, . . . , fn) is a Walsh-Paley martingale. 
Moreover, in this case the above inequality holds also for general (i.e. not 
necessarily Walsh-Paley) martingales. (See p. 67 and Lemma 7.1 in [6].) 

(c) Every UMD-space is superrefiexive. (See e.g. [171 P-222] or [H Proposition 2].) 

For us the following result, which was proved in |21j . will be important. Let 
us remark that a similar result for general martingales in UMD-spaces was proved 
by Burkholder [5] and, as remarked in [U p. 502], his proof can be easily modified 
to prove the same for UMD-operators defined using general martingales. 

Fact 2.11. Let T: X ^Y he a UMD-operator between Banach spaces X,Y. Then 
there exists a constant C > such that ^ holds whenever (/o, . . . , /„) is an X- 
valued Walsh-Paley martingale and (ei, . . . is a predictable sequence o/{±l}- 
valued functions (i.e., each Sk is T,k-i-measurable). (See pii .) 

Theorem 2.12. Let q be a continuous quadratic form on X and T: X ^ X* the 
symmetric operator that generates q. Then q is delta-convex if and only if T is a 
UMD-operator. 
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Proof. Let T be a UMD-operator, let (/o,...,/„) be an X-valued Walsh-Paley 
martingale. Then, for rj G F" and 1 < fc < n, we have 

\A\{fk-i{v),dMv))\ = 2\q{dMv))\ - 2ek{v)q{dfk{v)) = 2ek{ri){dfk{ri),TdMv)), 

where ekiv) = 1 if q{d!k{ri)) > 0, ek{f]) = -1 if q{dfk{v)) < 0. Observe that Sk 
is Sfc-i-measurable by Remark I2.2f e) since q is an even function; in other words, 
the sequence (ei, . . . is predictable. Using Lemma |2.3[ we can write 

Th 71 71 

E Y: \A^q{fk~i,dfk)\ = 2E S {dfk,SkTdfk) - 2E(E rf/j , E ^kTdfk) 

k^l k^l j^l k^l 

n n 

= 2E(/„ - /o, E ^fc^/fc) = 2E(/„, J2 SkTdfk) 

k=l k=l 

< 2(E|l/„|l2)i/2(E|| ± EkTdfkry^' < 2VC E|l/„||2 , 
fe=i 

where C is the constant from Fact 12.111 

For the converse, suppose that q is delta-convex. Consider any X-valued 
Walsh-Paley martingale (/o, • ■ • , /«) with E||/„|p = 1, and numbers Sk G {—1,1} 
(1 < fc < n). It is easy to see that there exists /i„ : F" ^ X such that E||/i„|p — 1 
and 

n 1 /„ n 

(II E ekTdfkfr < 2E(^»' E ; 
fc=i fe=i 

indeed, denoting g — Efe=i ^kTdfk, one can put /i(77) := t{ri)v{rf), where i : F" ^ 
[0,oo) satisfies = 1 and (E||g||2)i/2 = ]E(t . and virf) G S'x is such that 
liffC??)!! < 2{v{i]),g{i])). Let (/iq, . . . , /in) be the Walsh-Paley martingale given by 
hn (i.e., hk — E(/i„|I]fe), 1 < fc < n). Then Lemma [^751 and the identities 

{x,Ty)^il/4.){qix + y)^qix-y)) and = (l/2)A2g(a;, y) 

imply 

(II E SkTdfkf) ' < 2E(/i„, E SkTdfk) = (as above) 

fe=l /c=l 

n n 

= 2E E {dhk, SkTdfk) < 2E E |(d/ifc,™A)| 

< iE E W{fk + hk))\ + iE E WUk - hk))\ 

k=l k=l 

< iCE||/„ + /i„||2 + iCE||/„-;i„||2 

< iCE(||/„|| + ||/i„||)' <C(E||/„||2+E|l/i„|l2) <2C. 
Thus T is a UMD-operator. □ 

The following theorem is an immediate consequence of Theorem 12.121 and 
Remark IHnia). 
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Theorem 2.13. Let X be a Banach space. Then every continuous quadratic form on 
X is delta-convex if and only if every symmetric operator T : X —f X* is a UMD- 
operator. In particular, if X is a UMD-space, then every continuous quadratic 
form on X is delta-convex. 

Theorem 2.14. There exists a continuous quadratic form on l\ which is not delta- 
convex. 

Proof. Let J : £i £oo be an isometric embedding (recall that every separable 
Banach space isometrically embeds into ioa). Consider the continuous quadratic 
form on £i — £i (Bi £i, given by 

q{x,y) ^ {y,Jx) -\- {x,Jy) , x,ye£i, 

which is generated by the symmetric operator T(x,y) = {Jy, Jx). If q were delta- 
convex, T would be a UMD-operator. But then J would be a UMD-operator; 
consequently, £i would be a UMD-space. But this is false by Remark l2.10f c). □ 

Let us conclude with a simple but useful proposition. 

Proposition 2.15. Let p > 0. Let Lp: X he a p-homogeneous function on a 

Banach space X. Then (p is delta- convex if and only if ip is delta- convex on a 
convex neighborhood of the origin. 

Proof. Let ip be delta-convex on a convex neighborhood U of the origin, and let 
?/;:[/ ^ R be a corresponding control function. There exists (5 > such that ij: is 
bounded on SBx- A simple homogeneity argument shows that tp is delta-convex 
on each rBx (r > 0) with a bounded control function of the form g{x) = ciip{c2x). 
Then (p is delta-convex on X by [12l Theorem 16]. □ 

3. Further results and open problems 

We shall consider the following three properties of a Banach space X, defined 
already in Introduction. 

(D) Each continuous quadratic form on X is delta-semidefinite. 
(dc) Each continuous quadratic form on X is delta- convex. 
(Cdc) Each C^'^ function f : X M. is delta-convex. 

Recall that a function (or mapping) / is C^'^ if the Frechet derivative f'{x) exits 
for each x and the mapping /' is Lipschitz. 

We have seen that (D) passes to quotients fCorollarv ll.3p . Let us observe the 
same result for properties (dc) and (Cdc). 

Lemma 3.1. If X is a Banach space with property (dc) (respectively, (Cdc)), then 
for any closed subspace E of X , the quotient XjE has property (dc) (respectively, 
(Cdc)). 
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Proof. Let Q: X ^ X/E be the quotient map and let /: X/E ^ M be a continu- 
ous function such that /oQ is deha-convex. We show that / is delta-convex (which 
proves both assertions). Let ip : X ^ M. he a continuous function such that -0=1=/ is 
convex; we can assume ip > 0. Define ip: X/E ^ R by ?A(y) — inf{V'(a;) : Qx = y}. 
Then it is easy to prove that ± f is convex. Moreover, the (convex) function 
ip is continuous since it is easily seen to be bounded on a neighborhood of the 
origin. □ 

Since each continuous quadratic form is C^'^ (by Fact 11.1]) . we always have 
the implications 

(D) (dc) (Cdc). 

As we shall see in the next theorem, no two of the above three properties are 
equivalent. 

Let us start with the following corollary of [TUl Theorem 1 1] . A norm on X is 
said to have modulus of convexity of power type 2 if, for some c > 0, Sx{£) > c-e^ 
whenever e G (0, 2] (where Sx is the usual modulus of convexity; see e.g. [13] )• 

Fact 3.2. Let X be a Banach space that admits a uniformly convex renorming with 
modulus of convexity of power type 2. Then X satisfies (Cdc) and hence also (dc). 

By an Lp{^) space we mean an infinite-dimensional space Lp(17, S, /i) where 
(fi, I],yu) is a positive measure space. This class includes the spaces Lp{0, 1) and 
£p. For such spaces, we have the following theorem which summarizes results of 
[TUj . [25] and of the present paper. 

Theorem 3.3. Let X be an infinite- dimensional Lp{ii) space with 1 < p < oo. 

(a) X satisfies (D) if and only if p > 2. 

(b) X satisfies (Cdc) if and only if I < p < 2. 

(c) X satisfies (dc) if and only if p > I. 

Proof (a) If p > 2 then Lp{fi) satisfies (D) by Theorem [T^f) . If p < 2 then 
Lp{^) fails (D) since it contains a complemented copy of £p which fails (D) by 
Corollarv ll.71 

(b) li 1 < p < 2, then the standard norm on A" = Lp{fj.) has modulus 
of convexity of power type 2 (see [5] Corollary V.1.2]). By Fact 13. 2[ each such 
space satisfies (Cdc). Li{fi) fails (Cdc) since it fails (dc) (see (c) below). Now, let 
2 < p < oo. For such p, M. Zeleny [23] proved that £p fails (Cdc); thus ip(/i) 
fails (Cdc), too. Finally, to see that also Loo(m) f^ils (Cdc), it suffices to show 
that Loo(0, 1) fails (Cdc); indeed, the spaces Loo(0, 1) and £ao are isomorphic by 
[H] . and Loo (a*) contains a complemeted copy of £oc. By [T31 Corollary 2.f.5], 
(€4)* = £4/3 isometrically embeds in Li(0, 1); consequently, £4 is isomorphic to a 
quotient of Loo(0, 1). Hence Loo(0, 1) fails (Cdc) by Lemma [3.11 since we already 
know that £4 fails (Cdc). 

(c) Li(fi) fails (dc) since it contains a complemented copy of £1 which fails 
(dc) by Theorem 12.141 For p > 1, the space Lp{ii) satisfies (dc) since, by (a) and 
(b), it satisfies (D) (if p > 2) or (Cdc) (if p < 2). Alternately one may observe 
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that Lp{fi) is a UMD-space if 1 < p < c» using Remark [2. lOf b) and then apply 
Theorem □ 

Remark 3.4. By Theorem l3.3[ (dc) 7^ (D) and also (dc) 7^ (Cdc). It is interesting 
to compare the second non-implication with the following result from [10 about 
vector-valued mappings: every Banach space-valued continuous quadratic mapping 
on X is delta-convex if and only if every Banach space-valued C^'^ mapping on X 
is delta- convex. 

Delta-convex functions via delta-convex curves 

There is another corollary to the above results. It is connected with Problem 6 
in |20| . In that paper, delta-convex mappings between Banach spaces (a gener- 
alization of delta-convex functions) were defined and widely studied. We do not 
state the definition here; it can be found also in 10] together with a survey of 
principal results. We confine ourselves to stating an equivalent definition (see [201 
Theorem 2.3]) of a delta-convex mapping of one real variable. 

Definition 3.5. Let / C M be an open interval, X be a Banach space. A mapping 
ip: I X is delta-convex on / if the right derivative 'f'j^it) exists at each t € I 
and the mapping 93'^ has bounded variation on each compact subintcrval of /. 

For real- valued functions, Problem 6 in [20j asks: suppose that X is a Banach 
space and / : X — > K is a function such that f o (p is a delta-convex function on 
(0,1) whenever tp: (0, 1) — > X is a delta-convex mapping; is then f locally delta- 
convex? The following example answers in negative this problem. (Let us remark 
that the vector- valued case was solved in negative already in [10].) 

Example 3.6. Let X be an infinite- dimensional Lp{fi) space where either p = 1 or 
2 < p < 00. Then there exists a continuous function f : X —^ such that f is 
delta-convex on no neighborhood ofO, and f o ip is delta-convex on (0, 1) for each 
delta-convex mapping Lp: (0, 1) — > X. 

Proof. The case p = 1. By Theorem I3.3f b). there exists a continuous quadratic 
form qou X such that q is not delta-convex. By Proposition l2.151 q is delta-convex 
on no neighborhood of 0. By Proposition 14 in [10], qo tp \s delta-convex for each 
delta-convex "curve" (p. Thus we can put f — q. 

The case 2 < p < 00 follows in a similar way using j22 instead of Theorem l3.3l 
Indeed, by [23], there exists a C^'^ function g: tp^M. that is not delta-convex. A 
careful look at the proof in [23] shows that the function constructed therein is d.c. 
on no neighborhood of 0. Consider lp as a complemented subspace of X = Lp{ii) 
and extend g to a C^'^ function on the whole X hy f = g o P where P is a 
bounded linear projection of X onto lp. Then / has the desired property by [TUl 
Proposition 14] again. □ 
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Problem 3.7. Does there exist a function / as in Example l3.6l for each at least two- 
dimensional Banach space XI Or, at least, for each infinite-dimensional Banach 
space XI 

Stability with respect to direct sums 

Consider two Banach spaces Xi and X2. Since {Xi © X2)* — XI © X2, each 
bounded linear operator operator T: Xi® X2 {Xi © X2)* can be represented 

f T T \ 

as an operator- valued matrix T — [ ^ „ ) where Tj,- : Xj X* . It is an 

\ I2I -L22 J 

easy exercise to verify that: 
(I) T is factorizable through a Hilbert space if and only if each Tij is; 
(II) r is a UMD-operator if and only if each Tij is; 

(III) T is symmetric if and only if T*j = Tji on Xi whenever i,j E {1, 2} (equiva- 

lently, Tn and T22 are symmetric and T^2 — ^21 on Xi). 
Hence we have the following consequence of Corollary 11.31 and Theorem 12.121 
(Given Banach spaces X and Y, we denote by £{X,Y) the set of all bounded 
linear operators from X into Y .) 

Corollary 3.8. Let Xi and X2 be Banach spaces. Then: 

(a) Xi © X2 has the property (D) if and only if Xi and X2 have (D) and every 
clement of C{Xi, X2) is factorizable through a Hilbert space; 

(b) Xi © X2 has the property (dc) if and only if Xi and X2 have (dc) and every 
clement of C{Xi, X2) is a UMD-operator. 

In particular, if X is isomorphic to X^ then 

(a') X has the property (D) if and only if every clement of C{X, X*) is factorizable 
through a Hilbert space; 

(b') X has the property (dc) if and only if every element of C{X, X*) is a UMD- 
operator. 

The following Corollary is immediate using Remark l2.10r a) for part (b). 

Corollary 3.9. Let X be a Banach space. 

(a) If X satisfies (D) and H is a Hilbert space, then X ® H satisfies (D). 

(b) If X satisfies (dc) and U is a UMD-space, then X ®U satisfies (dc). 

Observation 3.10. The adjoint T* is a UMD-operator if and only if T is a UMD- 
operator. In particular, X is a UMD-space if and only if X* is. 
To see this, note that T: X ^ Y is a. UMD-operator if and only if the operators 

Tn,e ■=ELi^kTiEk^x~Ek-i,x): L2iT'',X) ^ L2ir\Y), n e N, £€{-1,1}", 

are equi-bounded, where Ek,x ■= IE(-|Sfe): L2(r",X) L2(r",X). But then also 
the corresponding adjoints are equi-bounded. Moreover, it is easy to see that 

which means that T* is a UMD-operator. The reverse implication follows easily 
from this one. 
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Proposition 3.11. Let X be a Banach space. Let Q be the continuous quadratic 
form on X (B X* , given by Q{x,x*) — x*{x). Then the following three assertions 
are equivalent: 

(i) X®X* satisfies (D); 

(ii) Q is delta-semidefinite; 

(iii) X is isomorphic to a Hilbert space. 

And also the following three assertions are equivalent: 

(i') X®X* satisfies (dc); 
(ii') Q is delta- convex; 
(iii') X is a UMD-space. 

Proof. The implications (iii)=>(i)=>(ii) are obvious. Assume (ii). Since Q is gener- 
ated by the symmetric operator T : X (S X* ^ X* ® X** , T{x,x*) = ^{x*,x), it 
follows from Theorem 11.21 that the identity I : X ^ X factors through a Hilbert 
space. It is easy to see that this implies (iii). (Indeed, if / = BA is a factorization 
through a Hilbert space H , then AB is a bounded linear projection onto a closed 
subspace Hq = A{X) of H. Then A is a linear isomorphism between X and Hq.) 

The implication (i')^(ii') is obvious. If (ii') holds, then (as above, via Theo- 
rem [532) the identity / : X — > X is a UMD-operator, which gives (iii'). Finally, if 
(iii') holds, then X © X* is a UMD-space (indeed, it suffices to apply (II) before 
CoroUarv 13.81 to the identity operator of X © X*, taking into account Observa- 
tion [3ll0|). Hence (i') holds by Theorem [2T3l □ 

As far as we know, the following question is open. 

Problem 3.12. Is the property (D) stable with respect to making direct sums of 
two spaces? Equivalently, if Banach spaces Xi and X2 have property (D), does it 
imply that each S E C{Xi, X2) is factorizable through a Hilbert space? 

We conjecture that the answer is negative, but we do not know any counterex- 
ample. However, the following observation shows that a possible counterexample 
cannot be found by using only spaces provided by Theorem 11.61 

Observation 3.13. Let each of given two Banach spaces Xi and X2 satisfy at least 
one of the conditions (a)-(i) in Theorem ] L6\ Then Xi ® X2 has (D). 

Proof. By CoroUarv 13.81 it suffices to show that every operator S G £(Xi,Ar|) 
factors through a Hilbert space. By the proof of Theorem 11.61 each of the spaces 
Xi (i=l,2) has at least one of the following three properties: 

(a) Xi has type 2; 

(/3) X* has cotype 2, and Xi has the approximation property; 
(7) X* has cotype 2, and Xi is a Banach lattice. 

First observe that this implies that has cotype 2 (see e.g. (THl Proposition 3.2]). 
Now, if Xi satisfies (a), apply [16^ Corollary 3.6]; if Xi satisfies (/3), apply [TOl 
Theorem 4.1]; if Xi satisfies (7), apply [Ml Theorems 8.17 and 8.11]. □ 
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Note that Proposition 13.111 implies that Problem 13.121 will have a negative 
answer once the following problem is solved in negative. 

Problem 3.14. Let X and X* satisfy (D). Does it imply that X is isomorphic to 
a Hilbert space? 

For the property (dc) we have the following theorem. 

Theorem 3.15. The property (dc) is not stable under making direct sums. 

Proof. By [3], there exists a Banach lattice X such that X is not a UMD-space 
and X satisfies an upper-3 estimate and a lower-4 estimate (see [13^ for defini- 
tions). By [13l Theorem l.f.7], X is 2-convex and 5-concave. Then X admits a 
uniformly smooth renorniing with modulus of smoothness of power type 2 by J131 
Theorem l.f.l], which implies that X has (D) (sec Theorem ll.6f h)). and hence 
(cd). By duality (see [131 p.63]), X* admits a uniformly convex renorming with 
modulus of convexity of power type 2; consequently, X* has (dc) by Fact 13.21 By 
Proposition 13. Ill X ® X* fails (dc) since X is not a UMD-space. □ 
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